Two or more dynamical systems can achieve external synchronization motions with an especially designed controller, in which one dynamical system is considered as the master, and the other as the slave. In this paper, a general strategy of feedback control to carry out the external synchronization is¯rstly introduced. The master system consists of a hysteretic device to account for the friction phenomenon, and the slave system comprises a hardening sti®ness component that can generate the third order displacement as a Du±ng system. The slave system can keep in synchronization with the movements of the master via a feedback control strategy. A stability analysis of the synchronization errors is conducted. Di®erent synchronization motions under di®erent system parameters are simulated, based on which discussions are made for the e®ects of the controller parameters.
Introduction
Synchronization motion is a widely observed phenomenon of dynamical systems, from the mechanical systems to natural behaviors and physiological activities, and is generally de¯ned as the mutual time conformity of two or more processes interconnecting with each other. 1À4 According to the di®erent system inter-relations, several types of synchronizations can be identi¯ed, such as natural synchronization, self synchronization and controlled synchronization. 5À7 The controlled synchronization can be classi¯ed into internal synchronization and external synchronization. The former relates to the synchronous motion due to the interaction within the system, in which the elements are equal in synchronous probability, as the case with coupled synchronized oscillators. The latter is concerned with the motion in which one object is independent or dominant in motion in a multi-component system, such as the master-slave system. Recently, external synchronization, especially the master-slave controlled synchronization, has been widely studied. This kind of external synchronization was cited¯rstly by Pecora and Carroll for two systems with master-slave relationship, 8 and was demonstrated by circuit experiment. In Ref. 9 , Zheng presented a masterslave control on robotic motions. Other developments on external synchronization were carried out to consider the position, velocity and acceleration with complex conditions in robotic systems. 6, 7, 10, 11 In this paper, the controlled synchronization of two nonlinear systems, i.e. the master and slave systems, is studied. In order to realize the external synchronization between the two di®erent nonlinear systems, a synchronization controller designed by a feedback strategy is developed, which has been commonly applied in chaos synchronization. 12À14 The synchronization controller is employed to remove the slave dynamics while inducing the master dynamics through a Lyapunov function. The control strategy enables the external synchronizations of the master-slave to be globally stable and independent of initial conditions of the system. The paper consists of¯ve sections. Following an introduction of the background in Sec. 1, a general formation of the master-slave controlled synchronization is presented with a feedback controller in Sec. 2. The synchronization method proposed is applied to study the synchronization of the hysteretic system (the master) and the Du±ng system (the slave) in Sec. 3. The error of synchronization comprises decoupled¯rst-order system responses for the Lyapunov function used. In Sec. 4, simulations are conducted to investigate the properties of the external synchronization for the two di®erent systems, even under the situation where the master and the slave are interchanged. In Sec. 5, some conclusions are drawn with further works discussed.
General Formula of External Synchronization of Two Systems
Assume that a synchronization controller, u, is applied to the salve system, _ x ¼ gðxÞ, to achieve an external synchronization with the master system, _ y ¼ fðyÞ. The model of the system can be given as follows 13, 15, 16 : where hðx; yÞ is the special control term. The synchronization error is de¯ned as
From the general formula of Eq. (1), the equation of synchronization error can be obtained as
In order to realize the synchronization between the master and slave systems, the synchronization error e given by Eq. (3) should converge to zero, which means that Eq. (4) should satisfy the stability criterion. We de¯ne a positive de¯nite Lyapunov function V as follows:
from which the derivative of the Lyapunov function is
In order to guarantee the negative _ V ; h should be expressed as h ¼ Ke, and K should be a negative diagonal matrix for the synchronization error to be asymptotically stable.
According to the above stability analysis, the controller for synchronization of Eq. (2) can be re-written as uðx; yÞ ¼ ÀgðxÞ þ fðyÞ þ Kðx À yÞ: ð7Þ
External Synchronization of a Hysteretic System and a Du±ng System
In this section, detailed expressions for the master and slave systems, consisting of a hysteretic system and a Du±ng system, respectively, will be given. The master system with a hysteretic component is de¯ned as
where, c m and k m are the damping and sti®ness coe±cients of the master system, respectively; F m is the exciting force amplitude; and ! m is the angle frequency. A nonlinear hysteretic force can be approximated by the sum of the third order displacement component and the third order velocity component with coe±cients of (8), will be discussed. The slave system comprising the third order displacement part as a Du±ng system and the synchronization controller is given as
where c s ; k s and are the damping coe±cient, sti®ness coe±cient and the coe±cient of third order displacement term, respectively; F s is the external oscillating amplitude; ! s is the external oscillating frequency; and uðtÞ is the controller to be designed according to the Sec. 2.
The master system and the slave system, together with the controller, are expressed in the following state equations:
The synchronization controller is expressed as follows according to the feedback strategy:
where both k 11 and k 22 are controller parameters. To achieve the controlled synchronization motion, the de¯ned synchronization error of two systems, i.e. e ¼ x À y, should approach 0 as t ! 1. If e is denoted as e 1 , and _ e denoted as e 2 , we can write
De¯ne a positive Lyapunov function V as follows:
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According to the Lyapunov stability theory, it is known that the dynamical system is asymptotically stable when both k 11 and k 22 are negative.
Simulations of External Synchronization of Hysteretic System and
Du±ng System 4.1. Simulations of the developing process of synchronization
In the following simulations, the Runge-Kutta method of the fourth order is adopted using an in-house Matlab code to solve Eqs. (10) and (11) for its better maneuverability, as opposed to the ordinary di®erential equation (ODE) solver. The parameters of the hysteretic system (the master) and the Du±ng system (the slave) are given as c m ¼ 0:04; k m ¼ 0:
With these data, the hysteretic system will behave periodically, and the Du±ng system will be chaotic. 17 Some typical trajectories of the external synchronization from instability to stability are simulated¯rstly with the above designed controller given in Eq. (12) . During the numerical simulation process, a time switch is set to trigger the controller, which will be applied to the slave system. Assume the controller is activated at time t ¼ 50 sec. The controller parameters are chosen as k 11 ¼ À1; k 22 ¼ À1. The initial values of x 1 ; x 2 ; y 1 ; y 2 are arbitrarily chosen to be 2, 0, 0, 2, which are irrespective of synchronization in simulations.
The simulated responses of x 1 ; x 2 ; y 1 ; y 2 and their corresponding phase space trajectories are plotted in Fig. 1. From Figs. 1(a) and 1(b) , it is observed that the motions of the two di®erent systems are completely irrelevant for the¯rst 50 seconds. After exerting the synchronization controller on the slave Du±ng system, stable synchronization is achieved quickly.
The synchronization errors of e 1 and e 2 are plotted in Fig. 2 for the synchronization developing processes. It is noticed that the synchronization errors approach zero immediately after the controller is applied at t ¼ 50 sec.
The changes of phase space trajectories of the two systems are shown in Figs. 3(a) and 3(b). As can be seen, before the controller is applied, the hysteretic system moves in its ellipse phase trajectories, whilst the Du±ng system behaves as a strange attractor in its phase space. The chaotic motions of the Du±ng system are smoothly transformed into periodic behaviors of the hysteretic system due to the application of the synchronization controller.
The e®ects of control parameters on synchronization processes
The e®ects of controller parameters on the synchronization processes will be investigated herein. Figure 4(a) shows that the two systems almost realize synchronization at the same time when k 11 ¼ k 22 ¼ À1. On the other hand, if k 11 < k 22 is satis¯ed, the synchronization error of e 1 approaches zero faster than e 2 , as shown in Fig. 4(b) . Similar result exists for the case with k 11 > k 22 , as illustrated in Fig. 4(c) .
Simulations of external synchronization of the inversed master-slave model
The following inversed master-slave model is to be investigated to study the e±ciency of the controller in realizing the synchronization of the nonlinear system. An inversed master-slave model is the system in which the hysteretic nonlinear system is considered as the slave and the Du±ng system is as the master. All the parameter values of the two systems are the same as those assumed in Sec. 4.1. Figures 5(a) and 5(b) show the developing processes of the external synchronization of the responses of the inversed system. As can be seen, when the controller is applied, the slave quickly goes into the synchronization state.
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Conclusions and Discussions
The performance of external synchronization of a hysteretic system and a Du±ng system is investigated using a synchronization controller with feedback strategy. The two di®erent nonlinear systems constitute the master-slave system. The 1st Reading   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42 synchronization error appears to be asymptotically stable for the special designed controller with negative controller parameters. The e®ectiveness of the simulated synchronization processes has been demonstrated by the controller proposed even for di®erent nonlinear systems with di®erent movements, including the case with the slave of the Du±ng system behaving chaotically. In addition, it was observed that the control parameters only a®ect the transient region of the synchronization slightly. The synchronization can still be reached when the master and the slave are interchanged. 1st Reading   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41 1st Reading   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42 As presented in the introduction, this method is illumined from external synchronization of chaos systems. However, since both friction phenomenon and°exible deformation often occur in mechanism motions, synchronization method proposed can be promisingly used to achieve the synchronization of mechanism motions with the above features. The controller model in this paper is a simpli¯ed one, for the purpose of demonstrating its feasibility with fully observed information of the master system. It is found to be able to achieve the synchronization under any initial conditions and disturbances. Likewise, the designed controller is dependent on the motion of the systems. In further endeavors, the uncertain parameters and their parametric studies will be considered in order to ensure that the concept proposed herein can be applied to complex mechanisms, such as the synchronization control of two 3-degree-of-freedom robots. 1st Reading   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42 
